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The author’s previous result on the fixing group for the 2-asummable Boolean function f of n 
variables X,, . . . , X,, is generalized by considering a total pre-order on (1, . . . , n} determined 
by f. 
The author [S, Theorem 2.21 proved that if f is a positive 2-asummable 
Boolean function of n variables X1, . . . , X,,, then N = (1, . . . , n} is partitioned 
into sets N1,. . . , I’$ such that the group of permutations of M that leave f 
invariant is the direct product of the symmetric groups of the Ni. The proof done 
by using a characterization of 2-asummable functio,xz by Yajima and Ibaraki is 
non-trivial. But recently we noticed that the assertion of [S, Theorem 2.21 is 
trivial, if the proof is interesting, because more general assertions (the following 
Theorem 3 and Theorem 4) are easily established by considering a pre-order 
structure on N determined by fi The pre-order was introduced and discussed by 
several authors and the results are collected in [3, Chapter 51. In our terminology 
it is defined as follows. 
Let Q denote the set which consists of the two values 0 and 1, and Q” denote 
the Cartesian n-pro-luct of 0. A Boolean function of n varialbles is a mapping of 
Q” into Q. A k-assignment A foi 1 s k s n is an 
where 1 s ii < &+I G n, and ej = 0 or 1. The k-assignment A is 
where i = 0, 6 = 1. Let f be a Boolean function of n variables, then fA is defined 
to be the function obtained from f(X,, . . . , X,) by replacing Xii by &j for every 
j=l,..., k. If fa af’ or fA Sf’ for every i not greater than k and every i 
assignment, then we say f is k -wionotonic. In case k = n, f is said to be compZeteZy 
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monotonic. The following Theorem 1 is due to “clgot [I]. The proc E is also shown 
in [2, Chapter 31. 
Theorem I. A Boolean function of n zxxrinbkes i completely monotonic iJ it is 
2-asummable. 
Let f be a Boolean function of n variables. Let i, j be any numbers in 
N={I,. . . , n), and A be the 2-assignment A = {Xi = 1, Xj = 0). We write iZ j if 
’ = j or fA 2 fg We write i - j if i 2 j and jt i. The following Lemma 2 is due to 
Winder [6], and Muroga, Toda and Takasu [4]. The proof is also shown in [3, 
Chapter 51. 
Lemma 2. For each Boolean function of n variables, the relation 2 is a pre-order, 
i.e. reflexive and transitive, and hence the relation - is an equivalence relation on 
N. 
CoAdering the pre-order structure (N, 2) we immediately obtain the following 
Theorem 3 arld Theorem 4. 
Thmrem 3. Let f be a Botlieai; , Junction of n variables. Let the pre-order 2 for f on 
N=(l,..., n) be total. ?-hen N 1; partitioned into sets N1, . . . , Nk such that the 
group of permutations of N that leave f invariant is the direct product of the 
syttwzetric groups of’ the Ni. 
Pro&. Let a permutation 7r of N leave f invariant and w be decomposed by the 
disjoint cycles as 7r = (ab l - 9 h)(p l l l t) l l l . Since the pre-order is total we have 
a Z b or b 2 a. If a Z b then avk bw for fg, hence b Z c for f, therefore 
akbk l - - 2 h Z a. Thus in both cases a - b - l l l - h. Hence 7~ is decomposed 
into permutations on the equivalence classes determined by - . While let i - j. 
Then by the definition, 
fo.- evel;r X = (X,, . ,. . , X,) in on. Hence the interchange of i with j leaves f 
invariart. Thus if we let N,, . . . , Nk be the all Equivalence classes determined by 
- , we complete the proof. 
4. Let f be a knonotonic Boolean function of n variables Y1,. . . , &- 
Tlaen N is partitioned into sets N1, . . . , Nk such that the group of permutations of N 
that leave f invariant is the direct product of the symmetric groups of the Ni* 
When .i’ is 2-monotoni::, the prc-orde!- It for f on N is total from the 
deF-.i;ion. Hence Theorem 3 implies Theorem 4 
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If f is 2-asummable, then f is 2-monotonic by Theorem 1, hence our previous 
result [S, Theorem 2.21 is a corollary of Theorem 4. Theorem 3 is actually more 
general than Theorem 4. For example f(X) = X,X,vX& satisfies the assump- 
tion of Theorem 3, but is not 2-monotonic. The converse of theorem 3 does not 
hold. For exampie consider the function f(X) = X1X-+/X3X4X5, thLen either 123 
nor 321. 
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